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(goodness of fit test) .
Pearson 2 , Kolmogorov-Smirnov
. 2 , Greenwood and Nikulin[GN96], Lehmann[Leh99] , 2
$(\chi^{2})$ $\chi^{2}$ . , 3 ,
$\chi^{2}$ , (max)




, $\chi^{2}$ $\chi^{2}$ ,
2 2
, $(X_{1}, \cdots, X_{k})$
$P(X=x)=P(X_{1}=x_{1}, \cdots, X_{k}=x_{k})$
$= \frac{n!}{x_{1}!\cdots x_{k}!}p_{1}^{x_{1}}\cdots p_{k}^{x_{k}}$
$M_{k}(n;p_{1}, \cdots,p_{k})$ . , $x.–(x_{1}, \cdots, x_{k})$ ,
$x_{1},$ $\cdots,$ $x_{k}$ , $x_{1}+\cdots+x_{k}=n$ , $0<p_{i}<1(\mathrm{i}=1, \cdots, k),$ $p_{1}$
$\ldots+p_{k}=1$ .
$E( \frac{X_{i}}{n})=p_{i}(i=1, \cdots, k)$
,
(1)$( \sqrt{n}(\frac{X_{1}}{n}-p_{1}),$ $\cdots,$ $\sqrt{n}(\frac{X_{k}}{n}-p_{k}))arrow N(0, \Sigma)L$
. , $Z_{n}$ , $F$ , ” $Z_{n}arrow L$ $F$” $Z_{n}$ $F$
$Z$ , $Z_{n}\prec ZL$ .
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. , $0<p_{i}^{(0)}<1(i=1, \cdots k),$ $\sum_{i=1}^{k}p_{i}^{(0\grave{)}}=1$ ,
$H$ : $(p_{1}, \cdots,p_{k})=(p_{1}^{(0)}, \cdots,p_{k^{\alpha}}^{(0)})$ (3)
, Pearson 2 $(\chi^{2})$







, (5) $\chi^{2}$ $[0, (k-1)n]$ , $2k/n$
.
, $H$ $\chi^{2}$ , $\alpha(0<\alpha<1)$
c , $c_{\alpha}$ $\chi^{2}$ ,
\chi 2\geq c $H$ ,
\chi 2<c $H$
. , $\chi^{2}$ , $\alpha$ ,
$P_{H}(\chi^{2}\geq c_{\alpha})=\alpha$ (6)
c .
, (6) c ,
$l_{\alpha}<u_{\alpha}$ , $P_{H}(\chi^{2}=l_{\alpha})>0$ , $P_{H}(\chi^{2}=u_{\alpha})>0$ ,
$P_{H}(l_{\alpha}<\chi^{2}<u_{\alpha})=0$ , $P_{H}(\chi^{2}\geq l_{\alpha})>\alpha>P_{H}(\chi^{2}\geq u_{\alpha})>0$
130
u l . ,
,
$P_{H}(\chi^{2}\geq c_{\alpha})\leq\alpha$
c , c\mbox{\boldmath $\alpha$}=u , (6) $c_{\alpha}=u_{\alpha}=l_{\alpha}$
. , $\chi^{2}$ $n$ , $P_{H}(\chi^{2}\geq c_{\alpha})$
. , $\chi_{k-1}^{2}$ $k-1$ $\chi^{2}$ ( $\chi_{k-1}^{2}$ )
, $narrow\infty$ $\chi^{2}$ $\chi_{k-1}^{2}$ , $n$ l
$P_{H}(\chi^{2}\geq x)\approx P(\chi_{k-1}^{2}.\geq x)$
, c $\chi_{k^{*}-1}^{2}$ 100\mbox{\boldmath $\alpha$}% $\chi_{\alpha}^{2}\acute{(}k-1$ ) ([Leh99]).
, $\chi^{2}$ ,
$P(\chi_{k-1}^{2}(\lambda)>c_{\alpha})$
, , $k$ Edgeworth
. ,
$U.– \frac{\chi_{k-1}^{2}(\lambda)-(k-1+\lambda)}{\sqrt{2(k-1+2\lambda)}}$








, $\Phi(u)$ $N(0,1)$ , $\phi(u)$ $N(0,1)$ , $H_{j}(u)$ $j$




, (3) $H$ : $(p_{1}, \cdots, p_{k})=(p_{1}^{(0)}, \cdots,p_{k}^{\langle 0)})$ , $\chi^{2}$
$T:= \max_{1\leq i\leq_{\backslash }k}X_{\acute{l}}$
. (max)
, , $c$ . ,
$P(T>c)=P$ (lm\leq . $Xi>c)=1-P(X_{1}\leq c, X_{2}\leq c, \cdots, X_{k}\leq c)$ (7)
, .
1 (Levin[Lev81]) $(X_{1}, \cdots, X_{k})$ $M_{k}(n;p_{1}, \cdots, p_{k})$
, $a_{1},$ $\cdots,$ $a_{k}$ . , $s>0$
$P(X_{1} \leq a_{1}, \cdots, X_{k}\leq a_{k})=\frac{n!}{s^{n}e^{-s}}\{\prod_{i=1}^{k}P(U_{?}$ . $\leq x_{i})\}P(W=n)$
. , $U_{1},$ $\cdots$ , $U_{k}$. , $U_{i}$ $Po(sp_{i})$ ,
, $Y_{1},$ $\cdots$ , $Y_{k}$ , $Y_{i}$ {0, 1, $\cdots$ , a $TPo(sp_{i};a_{i})$
, $W:= \sum_{i=1}^{k^{\alpha}}Y_{i}$ .
, $U_{1},$ $\cdots,$ $U_{k}$ , $U_{i}$ P$o$ (s ) ,
$P(U_{1}\leq a_{1},$ $\cdots,$ $U_{k}$. $\leq a_{k}|\sum_{i=1}^{k}U_{i}=n)$
$= \frac{P(U_{1}\leq a_{1}.’\cdots,U_{k}\leq a_{k})}{P(\sum_{i=1}^{k}U_{i}=n)}P(\sum_{i=1}^{k}U_{i}=n|U_{1}\leq a_{1},$ $\cdots,$ $U_{k}\leq a_{k})$ (8)
. , $U_{1},$ $\cdots,$ $U_{k}$. $\sum_{i=1}^{k}U_{i}\sim Po(s)$ , (8)




$U_{k} \leq a_{k}|\sum_{i=1}^{k}U_{i}=n)$ PpI \pi 5\neq
$\mathrm{i}=1,$ $\cdots,$






































$P(T>c)=1- \frac{n!}{s^{n}e^{-s}}\{\prod_{\tilde{\iota}=1}^{k}P(U_{i}\leq c)\}P(W=n$} (9)
, $s=n$ $n$ Stirling
$\frac{n!}{n^{n}e^{-n}}\approx\sqrt{2\pi n}$
. , 2 $i=1,$ $\cdots,$ $k$ $\mu_{i}:=E(Y_{i}),$ $\sigma_{i}^{2}:=V(Y_{i}),$ $\mu_{3,i}:=$









. , (9) , $k$
$P(T>c) \approx 1-\sqrt{2\pi n}\{\prod_{i=1}^{k}P(U_{i}\leq c)\}f(\frac{n-\sum_{i=1}^{k}\mu_{i}}{\sqrt{\sum_{i_{-}1}^{k}-\sigma_{i}^{2}}})\frac{1}{\sqrt{\sum_{i_{-}^{-}1}^{k}\sigma_{i}^{2}}}$
$=:1-\tilde{F}_{T}(c)$ (10)
, $0<\alpha<1$ $\tilde{F}_{T}(c)=1-\alpha$ $\mathrm{c}$ , $c$ $T$
100\mbox{\boldmath $\alpha$}% .
1 , $n=1000,$ $k=12,$ $\alpha=0.05$ ,
$H$ : $(p_{1}, \cdots,p_{12})=(1/12, \cdots, 1/12)$
. , (10)
$P_{H}(_{1\leq} \max_{i\leq 12}X_{i}>106)=0.0611$ ,
$P_{H}(_{1\leq} \max_{i\leq 12}X_{i}>107)=0.0450$
$c=107$ .
, $\chi^{2}$ , ,
$c$ , 1
. , .










. , $X=(X_{1}, \cdots, X_{k^{\wedge}})$ , $c,$ $0\leq\gamma\leq 1$ $E_{H}(\phi)=\alpha$
. , ,
. , $U$ $U(0,1)$ $|_{\sqrt}\mathrm{a},$ $X_{1},$ $\cdots$ , $X_{k}$ .
$S:= \max_{1\leq i\leq k}X_{i}+U$
, $\{S\geq c+1-\gamma\}$ $\phi$ .
, $\alpha$
, . , $\chi^{2}$
. ,
$\beta:=P_{K}(S\geq c+1-\gamma)$
$=P_{K}( \max_{1\leq i\leq k}X_{i}\geq c+1)$
$+ \gamma\{P_{K}(\max_{1\leq\dot{\mathrm{t}}\leq k}X_{i}\geq c)-P_{K}(\max_{1\leq i\leq k}X_{i}\geq c+1)\}$
, $\beta$ .
2 , $n=1\mathrm{O}\mathrm{O}\mathrm{O}$ , $k=12,$ $\alpha=0.05$ ,




, $c=106,$ $\gamma=0.3111$ . , $K$
$K$ : $(p_{1}, \cdots,p_{12})=(0.08, \cdots, 0.08,0.1,0.1)$
, $\chi^{2}$ 04176, 04144
. ,
$K$ : $(p_{1}, \cdots,p_{12})=(0.08, \cdots, 0.08,0.0933, 00933, 0 0933)$
, $\chi^{2}$ 02460, 02060 , $\chi^{2}$
. ,
$K$ : $(p_{1}, \cdots,p_{12})=(0.08, \cdots, 0.08,0.083, 0.09, 0.107)$




. , $K$ : $(p_{1}, \cdots,p_{12})=(p_{1}^{(n)}, \cdots,p_{12}^{(n)})$
$K_{1}$ : $($0.081, $\cdots$ , 0.081,0.109$)$
$K_{2}$ : $(0.079, \cdots, 0.079,0.105, 0.105)$
$K_{3}$ : $($0.077, $\cdots$ , 0.077, 0.1023, 0.1023, 0.1023$)$
$K_{4}$ : $($0.077, 0.077, 0.077, 0.077, 0.077, 0.077, 0.08967, $\cdots$ , 0.08967$)$
$K_{5}$ : $(0.08, \cdots, 0.08,0.084, 0.088, 0.092, 0.096)$
$K_{6}$ : $(0.08, \cdots, 0.08,0.082, 0.086, 0.092, 0.100)$
$K_{7}$ : (0.08, $\cdots$ , 008, 0082, 0082, 0088, 0.108)
.
$\chi^{2}$








, $p_{i}^{(n)}(i=1,$ $\cdots,$ $12\grave{)}$
, $p_{i}^{(n)}(\mathrm{i}=1, \cdots, 12)$
$\chi^{2}$ .
, .
3 , $n=1\mathrm{O}\mathrm{O}\mathrm{O},$ $k=20,$ $\alpha=0.05$ ,
$H$ : $(p_{1}, \cdots,p_{20})=(0.05, \cdots, 0.05)$
.
$P_{H}(_{1\leq} \max_{i\leq 20}X_{i}>69)=0.0683$ ,
$P_{H}$ ( $\max_{i\leq 20}X_{i}$ $>70)=0.0461$
, $c=69,$ $\gamma=0.1750$ . , $K$ : $(p_{1}, \cdots,p_{20})=(p_{11}^{(n)}\cdots, p_{20}^{(n)})$
137
$K_{1}$ : $(0.049, \cdots, 0.049,0.069)$
$K_{2}$ : $($0.048, $\cdots$ , 0.048, 0.068, 0.068 $)$
$K_{3}$ : $($0.048, $\cdots$ , 0.048, 0.0613, 00613, 00613$)$
$K_{4}$ : $($0.046, 0.046, 0.046, 0.046, 0.046, 0.046, 0.046, 0.046, 0.046, 0.046, 0.054, $\cdots$ , 0.054$)$
$K_{5}$ : $(0.048, \cdots, 0.048,0.0483, 0.0489, 0.0499, 0.0512, 0053, 0.0551, 0.0574, 0.0602)$
$K_{6}$ : $(0.048_{1}\cdots$ , 0.048, 0.0481, 00481, 0.0484, 0.0489, 0.05, 0.0525, 0.058, 0.07$)$
, .
$\chi^{2}$ $\ovalbox{\tt\small REJECT}\backslash \bigwedge_{\square }-p=\ovalbox{\tt\small REJECT}_{\acute{j\mathrm{E}}}\mathcal{D}\ovalbox{\tt\small REJECT}ffl X$ $rightarrow\tau$ $\backslash \backslash y$







, $K_{1},$ $K_{6}$ $p_{i}^{(n)}(i=1_{7}\cdots, 20)$
, $K_{3},$ $K_{4},$ $K_{5}$
$p_{i}^{(n)}(i=1, \cdots, 20)$ $\chi^{2}$
.
3 2
$(X_{1}, \cdots, X_{k})$ $M_{k}(n,p_{1}, \cdots,p_{k}.)$ . 2
$\chi^{2}$ , $P_{H}(\chi^{2}\geq c_{\alpha})=\alpha$ c
. , $\chi^{2}$ , $\chi^{2}$
. , $\chi^{2}$ ,
. , $S_{1)}\cdots,$ $S_{k}$ , $\mathrm{E}\mathrm{x}\mathrm{p}(1)$ .
$U_{i}:= \frac{S_{\dot{2}}}{S_{1}+\cdots+S_{k}}$ $i=1,$ $\cdots,$ $k$
$\sum_{\dot{\mathrm{z}}=1}^{k}U_{i}=1,$ $U_{k}=1- \sum_{i=1}^{k-1}U_{i}$
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. , $(U_{1}, \cdots, U_{k-1})$ (j.p.d.f.) . $S_{1},$ $\cdots,$ $S_{k}$ j.p.d.f.
$f_{S_{1},\cdots,S_{k}}(s_{1}, \cdots, s_{k})=\{$




$U_{i}= \frac{S_{i}}{S_{1}+\cdots+S_{k-}}$ , $\mathrm{i}=1,$ $\cdots,$ $k-1$
, $u_{k}^{k-1}$
$f_{U_{1},\cdots,U_{k}}(u_{1}, \cdots, u_{k})=e^{-\prime u_{k}}u_{k}^{k-1}.(u_{1}, \cdots, u_{k}>0, \sum_{i=1}^{k-1}u_{i}\leq 1)$
. , $(U_{1}, \cdots, U_{k-1})$ j.p.d.f.
$f_{U_{1},\cdots,U_{k-1}}(u_{1}, \cdots, u_{k-1})$
$= \oint_{0}^{\infty}e^{-u_{k}}u_{k}^{k-1}du_{k}=(k-1)!$ $(u_{1}, \cdots, u_{k-1}>0, \sum_{i=1}^{k-1}u_{i}\leq 1)$
, $(U_{1}, \cdots, U_{k-1})$ Dirichlet( ) $D(1, \cdots, 1; 1)$
([W62], [JK72]).
$f_{U_{1}}(u_{1})=(k-1)!l^{1-u_{1}}I_{0}^{u_{2}} \cdots\int_{0}^{u_{k}-1}du_{k}\cdots du_{2}=k(1-u_{1})^{k-2}(0<u_{1}<1)$
, $\iota J_{1}T$ B$e(1, k-1)$ 1, $U_{2},$ $\cdots,$ $U_{k^{\sim}-1}$






, $\chi^{2}$ . , 2
. , $\chi^{\prime 2}$ $\chi^{2}$ ,
$\chi^{2}$ $\chi^{2}$
.
, $\chi^{\prime 2}$ .
$Y_{i}:=X_{i}-np_{i}$ ,
$V_{i}:=U_{i}- \frac{1}{k}$ ,
$Z_{i}:= \frac{1}{\sqrt{p_{i}}}$ ( $X_{i}-np_{\dot{\mathrm{z}}}+$ $-k\mathrm{l}$ ) $= \frac{1}{\sqrt{p_{i}}}(Y_{i}+U_{i})$
$13\mathrm{a}$
$\chi^{\prime 2}=\frac{1}{n}\sum_{i=1}^{k}Z_{i}^{2}$



















































$V(\chi^{\prime 2})=E(\chi^{\prime 4})-\{E(\chi^{\prime 2})\}^{2}$
$=2k-2+ \frac{1}{n}\{-k^{2}-2k+2+\sum_{i=1}^{k}\frac{1}{p_{i}}+\frac{4(k-1)}{k^{2}(k+1)}\sum_{i=1}^{k}\frac{1}{p_{i}}\}$
$+ \frac{1}{n^{2}}\{\frac{4(k-1)(2k^{3}-4k^{2}-k+6)}{k^{4}(k+1)^{2}(k+2)(k+3)}\sum_{i=1}^{k}\frac{1}{p_{i}^{2}}$
$- \frac{4(k^{3}-4k^{2}-k+6)}{k^{4}(k+1)^{2}(k+2)(k+3)}\sum_{i\neq j}\sum\frac{1}{p_{i}p_{j}}\}$ (12)
. $\chi^{\prime 2}$ 3
$\kappa_{3}(\chi^{\prime 2}):=E[\{\chi^{\prime 2}-E(\chi^{\prime 2})\}^{3}]$












$- \frac{18(k-1)}{k^{2}(k+1)}(\sum_{i\neq j}\sum\frac{p_{i}^{2}}{p_{j}}+\sum_{i\neq j\neq l}\sum\sum\frac{p_{i}p_{j}}{p_{l}})$
$- \frac{9(k-1)(3k^{2}-7k+6)}{k^{4}(k+1)(k+2)(k+3)}\sum_{i\neq\dot{g}}\sum\frac{p_{i}}{p_{j}^{2}}$















$+ \frac{1}{n^{3}}\ovalbox{\tt\small REJECT}\frac{k-1}{k^{2}(k+1)}\sum_{i=1}^{k}\frac{1}{p_{i}}\{$ $\frac{3(k-1)(3k^{2}-7k+6)}{k^{4}(k+1)(k+2)(k+3)}\sum_{i=1}^{k}\frac{1}{p_{i}^{2}}$




, $P_{H}(\chi^{\prime 2}>\chi_{\alpha}^{\prime 2})=\alpha$ $\chi_{\alpha}^{\prime 2}$ . ,
$f:= \frac{2\{E(\chi^{\prime 2})\}^{2}}{V(\chi^{2})},,$ $c:= \frac{E(\chi^{\prime 2})}{f},$ $\delta:=\frac{\kappa_{3}(\chi^{\prime 2})}{8c^{3}f}$
, $\chi_{\alpha}^{2}(f)$ $f$ $\chi^{2}$ 100\mbox{\boldmath $\alpha$}%
$\chi_{\alpha}^{\prime 2}\approx c\chi_{\alpha}^{2}(f)\ovalbox{\tt\small REJECT} 1+\frac{\delta-1}{3(f+2)(f+4)}\{\chi_{\alpha}^{4}(f)-2(f+4)\chi_{\alpha}^{2}(j)+(f+2)(f+4)\}\ovalbox{\tt\small REJECT}$ (14)
([Ta75]). , $\alpha$ ,
.
4 $\chi^{2}$ $\chi^{2}$
3 $\chi^{2}$ , $\chi^{2}$
. , Katti[K73] $\chi^{2}$
, $\chi^{2}$
, $k-1$ $\chi^{2}$ 100\mbox{\boldmath $\alpha$}% .
, $\chi^{2}$ , [K73] u
l , c .
c $\chi^{2}$ 100\mbox{\boldmath $\alpha$}% , $k-1$ $\chi^{2}$
100\mbox{\boldmath $\alpha$}% , , (14) $\chi_{\alpha}^{2}(f)$
, $f$ , .
4 , $n=25,$ $k=10,$ $\alpha=0.10$ ,







. , $\chi^{2}$ . , $n=25,$ $k=10,$ $p_{i}=0.1(i=$
$1,$ $\cdots,$ $10)$ (11), (12), (13)
$E(\chi^{\prime 2})=9.0327$, $V(\chi^{\prime 2})=17.4112$ , $\kappa_{3}(\chi^{\prime 2})=47.3413$
,
$f=9.3721$ , $c=0.9638$ , $\delta=0.7053$
. $f$ $\chi^{2}$ 10% $\chi_{0.1}^{2}(f)$ (14) $\chi_{\alpha}^{\prime 2}$
, $\chi_{0.1}^{2}(f)$ $f$ , $\chi^{2}$
, , , 3
$(i)\sim(\mathrm{i}\mathrm{i}\mathrm{i})$ .
(i) 9 10 $\chi^{2}$ 10% $\chi_{0.1}^{2}(f)$ .
$\chi_{0.1}^{2}(f)=15.1688$
.
(\"u ) $Y$ $lJ$ $\chi^{2}$
$(\sqrt{2Y}-\sqrt{2\nu-1})-^{L}N(0,1)$ $(karrow\infty)$
, ([A03] pp.149, 157 ).
, $lJ$ u 100\mbox{\boldmath $\alpha$}%
$P( \sqrt{2Y}-\sqrt{2\nu-1}\geq u_{\alpha})=P(Y\geq\frac{1}{2}(\sqrt{2\nu-1}+u_{\alpha})^{2})$









, $y_{\alpha}^{*}(f)$ $f$ $\chi^{2}$ 100\mbox{\boldmath $\alpha$}% . , $\nu=9,$ $p=0.3721$
$\chi_{0.1}^{2}(f)=y_{\alpha}^{*}(f)=15.1707$ .
(\"ui) $f$ $\chi^{2}$ $\alpha=f/2,$ $\beta=2$ $\Gamma(f/2,2)$
100\mbox{\boldmath $\alpha$}% \gamma . , $\chi_{0.1}^{2}(f)=\gamma_{\alpha}=15.1708$ .
, (i) , . (\"u) 1 ,
, , ( )
, $(\ddot{\dot{\mathrm{m}}})$ . , $\chi_{0.1}^{2}(f)=15.1708$
. , (14) $\chi^{2}$ 100\mbox{\boldmath $\alpha$}%
$\chi_{\alpha}^{\prime 2}=14.8434$ , $c_{\alpha}$ 00182 , 000123 .
, 9 $\chi^{2}$ 10% 146837 , c 0.1779 ,
001197 . , $\chi^{2}$ 100\mbox{\boldmath $\alpha$}% $\chi^{2}$
.
$n=5(5)25,$ $k=2(1)10,$ $\alpha=0.10,0.05,0.01$ ,






















$\chi_{\alpha}^{2}(k-1)$ $|c_{\alpha}-\chi_{\alpha}’$ $|/c_{\alpha}$ $|c_{\alpha}-\chi_{\alpha}^{2}(k-1)|/c_{\alpha}$
5 3 8.4406 8.1301 9.2104 0.03820 0.13287
5 4 8.6846 14.3338 11.3449 0.39412 0.20852
5 5 9.3400 17.9000 13.2767 0.47821 0.25828
5 6 10.3020 20.4238 15.0863 0.49559 0.26134
5 7 11.4745 21.3984 16.8119 0.46377 0.21434
5 8 12.7907 21.7509 18.4753 0.41194 0.15059
5 9 14.2063 23.3574 20.0902 0.39179 0.13988
5 10 15.6907 24.2000 21.6660 0.35162 0.10471
10 2 7.5994 8.5231 6.6349 0.10837 0.22154
10 3 9.0267 9.8261 9.2104 0.08135 0.06266
10 4 10.2904 11.8506 11.3449 0.13165 0.04267
10 5 11.6302 13.0769 13.2767 0.11063 0.01528
10 6 13.0462 15.7640 15.0863 0.17240 0.04299
10 7 14.5163 16.8211 16.8119 0.13702 0.00055
10 8 16.0214 18.7467 18.4753 0.14537 0.01447
10 9 17.5481 20.7080 20.0902 0.15259 0.02984
10 10 19.0874 22.9474 21.6660 0.16821 0.05584
15 2 7.2917 7.8203 6.6349 0.06759 0.15158
15 3 9.1283 9.3639 9.2104 0.02515 0.01639
15 4 10.6973 11.4000 11.3449 0.06164 0.00483
15 5 12.2433 13.1359 13.2767 0.06795 0.01072
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2 , , 2 , ,
, , 2






, 3 , 2 , \sigma )
2 .
2 , 100\mbox{\boldmath $\alpha$}% . ,
4 , 100\mbox{\boldmath $\alpha$}% [K73] 2




, 2 , 2
,
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